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A MIXED FINITE ELEMENT METHOD FOR A SIXTH ORDER ELLIPTIC
PROBLEM

JÉRÔME DRONIOU∗, MUHAMMAD ILYAS†† , BISHNU P. LAMICHHANE† , AND GLEN E. WHEELER‡

Abstract. We consider a saddle point formulation for a sixth order partial differential equation and its finite element
approximation, for two sets of boundary conditions. We follow the Ciarlet-Raviart formulation for the biharmonic
problem to formulate our saddle point problem and the finite element method. The new formulation allows us to use
the H1-conforming Lagrange finite element spaces to approximate the solution. We prove a priori error estimates for
our approach. Numerical results are presented for linear and quadratic finite element methods.

Key words. Sixth order problem, higher order partial differential equations, biharmonic problem, mixed finite
elements, error estimates.

AMS subject classifications. 65N30, 65N15, 35J35 (Primary) 35J40 (Secondary)

1. Introduction. Partial differential equations (PDE) have a long and rich history of application
in physical problems. One of their main advantages is in the modelling of ideal or desired structures
[36]. In particular, one may wish to fill a curve with a solid material that satisfies certain conditions
along the boundary. Depending on the application, there may be several constraints along the curve.
In many applications these filled curves (called components) are fitted together to form a larger shape.
It is natural and in some situations essential that at least some of the derivatives of the surface are
continuous across the boundary curves.

In this context, higher-order partial differential equations come to the fore: for a solution of a
partial differential equation of order 2k, one may typically allow restrictions on all derivatives up to
order (k − 1) along the boundary curve. This guarantees their continuity across components.

Continuity of the second derivative across boundaries, achieved by the sixth-order PDE proposed
in this article, is critical in several settings. In the construction of automobiles, each panel is designed
by a computer based on given specifications. Aesthetics are an important aspect, and in this regard,
the composition of reflections from the surface of a car panel must be considered. If one prescribes only
the derivatives up to first order along the boundary, then this leaves open the possibility of the second
derivative of the panel changing sign across the boundary. In practical terms, this causes boundaries
to move from being convex to concave, or vice-versa. Reflections will flip across such boundaries,
which from an aesthetic perspective is unacceptable.

The strength and maximal load bearing of tensile structures also depends critically on the conti-
nuity of higher derivatives across component boundaries. Force is optimally spread uniformly across
components, however, where derivatives of the surface are large, force and load are accumulated. This
can be by design. It is dangerous however when force accumulates across a boundary due not to de-
sign but to a discontinuity in one of the higher derivatives across that boundary. This concern can be
alleviated when a number of derivatives dependent upon the total expected load of the structure can
be guaranteed to be continuous. Two derivatives are guaranteed by our scheme and this is typically
enough for most minor structures, such as small buildings, residential homes, and vehicles.

Sixth-order PDE have arisen in a variety of other contexts, from propeller blade design [13] to
ulcer modelling [33]. Generic applications of sixth-order PDE to manufacturing are mentioned in
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[ 3, 5]. A p pli c ati o n s of si xt h or d er pr o bl e m s i n s urf a c e m o d elli n g a n d fl ui d fl o w s ar e c o n si d er e d i n
[ 2 5, 3 1].

T o s e e t h at si xt h- or d er P D E ar e n at ur al f or s u c h a p pli c ati o n s, it i s i n str u cti v e t o vi e w s u c h a n
e q u ati o n v ari ati o n all y. Mi ni mi si n g t h e cl a s si c al Diri c hl et e n er g y, w e c al c ul at e t h e fir st v ari ati o n of t h e
f u n cti o n al

Ω

| ∇u |2 d x ,

a n d fi n d t h e L a pl a c e e q u ati o n

∆ u = 0

or, i n t h e c a s e of t h e gr a di e nt fl o w, t h e h e at e q u ati o n

(∂ t − ∆) u = 0 .

Mi ni mi si n g t h e el a sti c e n er g y, t h e i nt e gr a n d of t h e f u n cti o n al t o b e mi ni mi s e d d e p e n d s o n a n a d diti o n al
or d er of d eri v ati v e of u , a n d s o t h e E ul er- L a gr a n g e e q u ati o n a n d r e s ulti n g gr a di e nt fl o w i s of f o urt h-
or d er. If w e ar e a d diti o n all y i nt er e st e d i n mi ni mi si n g t h e r at e of c h a n g e of c ur v at ur e a cr o s s t h e
s urf a c e, t h e ‘r at e of c h a n g e of a c c el er ati o n’ or j e r k, t h e n t h e f u n cti o n al will d e p e n d o n t hr e e or d er s of
d eri v ati v e s of u . T h e r e s ulti n g E ul er- L a gr a n g e e q u ati o n

∆ 3 u = 0

a n d gr a di e nt fl o w

(∂ t − ∆ 3 )u = 0

d e p e n d o n si x or d er s of d eri v ati v e s of u . T hi s p er s p e cti v e i s t a k e n i n S e cti o n 2, w h er e t h e v ari ati o n al
f or m ul ati o n i s m a d e ri g or o u s. R e c e nt r e s ar c h i nt er e st i n s u c h e q u ati o n s i n cl u d e s [ 1 8, 1 9, 2 6, 2 8].

I n g e o p h y si c s, si xt h- or d er P D E ar e u s e d t o o v er c o m e di ffi c ulti e s i n v ol vi n g c o m pl e x g e ol o gi c al f a ult s
[ 3 5]. I n d e e d, si xt h- or d er P D E ari s e i n a v ari et y of g e o p h y si c al c o nt e xt s d u e t o t h eir a p p e ar a n c e a s
m o d el s i n el e ctr o m a g n et o-t h er m o el a sti cit y [ 3 0] a n d r el ati o n t o e q u at ori al el e ctr oj et s [ 3 4]. We r e m ar k
t h at m o d el P D E fr o m g e o p h y si c s ar e i n g e n er al q uit e i nt er e sti n g t o st u d y fr o m a P D E p er s p e cti v e,
wit h i s s u e s s u c h a s n o n- u ni q u e n e s s a n d g e n er al ill- p o s e d n e s s f u n d a m e nt al c h ar a ct eri sti c s; w e r ef er t o
[ 2 4] f or a s el e cti o n of s u c h i s s u e s.

T h e m aj or c o ntri b uti o n i n o ur p a p er i s a mi x e d fi nit e el e m e nt s c h e m e f or a si xt h- or d er p arti al
di ff er e nti al e q u ati o n. T hi s all o w s o n e t o a c c ur at el y m o d el c o m p o n e nt s ari si n g fr o m pr e s cri b e d ( u p
t o a n d i n cl u di n g) s e c o n d or d er d eri v ati v e s al o n g b o u n d ar y c ur v e s. A n ot h er a p pr o a c h t o a p pr o xi m at e
t h e s ol uti o n of t h e si xt h- or d er elli pti c pr o bl e m b a s e d o n t h e i nt eri or p e n alt y i s c o n si d er e d b y G u di
a n d N eil a n [ 1 7]. I n S e cti o n 2 w e i ntr o d u c e o ur s etti n g, w hi c h c o n si d er s t w o di ff er e nt s et s of b o u n d ar y
c o n diti o n s: si m pl y s u p p ort e d, a n d cl a m p e d. We u s e c o n str ai n e d mi ni mi s ati o n t o c a st o ur pr o bl e m s
i n a mi x e d f or m ul ati o n a s i n t h e c a s e of t h e bi h ar m o ni c e q u ati o n [ 9, 1 2, 2 1] ( ot h er a p pr o a c h e s t o
mi x e d f or m ul ati o n s f or t h e bi h ar m o ni c e q u ati o n c a n b e f o u n d i n [ 1 1, 1 0, 1 4, 1 5, 2, 2 7, 2 2]). T h e
r e s ulti n g s a d dl e p oi nt pr o bl e m all o w s u s t o a p pl y l o w or d er H 1 - c o nf or mi n g fi nit e el e m e nt m et h o d s t o
a p pr o xi m at e t h e s ol uti o n of t h e si xt h or d er pr o bl e m. T hi s a p pr o xi m ati o n i s d e s cri b e d, f or b ot h s et s
of b o u n d ar y c o n diti o n s, i n S e cti o n 3. A- pri ori err or e sti m at e s ar e pr o v e d i n S e cti o n 4. T h e o pti m alit y
of t h e pr e di ct e d r at e s of c o n v er g e n c e s i s ill u str at e d, f or e a c h b o u n d ar y c o n diti o n, i n S e cti o n 5 t hr o u g h
v ari o u s n u m eri c al r e s ult s.
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S C T f o r m u l a t i o n

2. A mi x e d f o r m ul a ti o n of a si x t h o r d e r elli p ti c e q u a ti o n. L et Ω ⊂ R d , d ∈ { 2 , 3 } , b e a
b o u n d e d d o m ai n wit h p ol y g o n al or p ol y h e dr al b o u n d ar y ∂ Ω a n d o ut w ar d p oi nti n g n or m al n o n ∂ Ω.
We c o n si d er t h e si xt h or d er pr o bl e m

− ∆ 3 u = f i n  Ω ( 2. 1) b i h a r m

wit h f ∈ H − 1 ( Ω) a n d t w o s et s of b o u n d ar y c o n diti o n s ( B C s). T h e fir st s et i s t h e s et of si m pl y
s u p p o rt e d b o u n d ar y c o n diti o n s

u = ∆ u = ∆ 2 u = 0 o n ∂ Ω , ( 2. 2) s a b c

a n d t h e s e c o n d s et i s t h e s et of cl a m p e d b o u n d ar y c o n diti o n s

u =
∂ u

∂ n
= ∆ u = 0 o n ∂ Ω . ( 2. 3) c l a b c

We ai m at o bt ai ni n g a f or m ul ati o n o nl y b a s e d o n t h e H 1 - S o b ol e v s p a c e. We b e gi n b y d e fi ni n g
t h e L a gr a n g e m ulti pli er s p a c e:

• Si m pl y s u p p o r t e d b o u n d a r y c o n di ti o n s. We s et

M b c = H 1
0 ( Ω) ,

a n d e q ui p M b c wit h t h e n or m

v M b c
= v 1 ,Ω .

• Cl a m p e d b o u n d a r y c o n di ti o n s. We s et

M b c = { q ∈ H − 1 ( Ω) : ∆ q ∈ H − 1 ( Ω) } ,

w h er e ∆ q i s i nt er pr et e d i n t h e di stri b uti o n al s e n s e, a n d t h e s p a c e M b c i s e q ui p p e d wit h t h e
gr a p h n or m

q M b c
= q 2

− 1 ,Ω + ∆ q 2
− 1 ,Ω .

We u s e t h e n ot ati o n ·, · f or t h e d u alit y p airi n g b et w e e n t h e t w o s p a c e s H 1
0 ( Ω) a n d H − 1 ( Ω),

s o t h at u, q a n d u, ∆ q ar e w ell d e fi n e d f or u ∈ H 1
0 ( Ω) a n d q ∈ M b c . We n ot e t h at t hi s

s p a c e M b c i s l e s s r e g ul ar t h a n H 1 ( Ω), c o m p ar e, e. g., [ 4, 3 7].

L et k ∈ N ∪ { 0 } . We u s e t h e st a n d ar d n ot ati o n s t o r e pr e s e nt S o b ol e v s p a c e s [ 1, 8]. We u s e (·, ·) k, Ω

a n d · k, Ω t o d e n ot e t h e i n n er pr o d u ct a n d n or m i n H k ( Ω), r e s p e cti v el y. W h e n k = 0, w e g et t h e
i n n er pr o d u ct (·, ·) 0 ,Ω a n d t h e n or m · 0 ,Ω i n L 2 ( Ω). T h e n or m of W k, p ( Ω) i s d e n ot e d b y · k, p, Ω .

T o o bt ai n t h e H 1 - b a s e d f or m ul ati o n of o ur b o u n d ar y v al u e pr o bl e m s, w e i ntr o d u c e a n a d diti o n al
u n k n o w n φ = ∆ u a n d writ e a w e a k f or m of t hi s e q u ati o n b y f or m all y m ulti pl yi n g b y a f u n cti o n
q ∈ M b c a n d i nt e gr ati n g o v er Ω, a s i n [ 4, 3 7]. T h e v ari ati o n al e q u ati o n i s n o w writt e n a s

φ, q − u, ∆ q = 0 , q ∈ M b c .

K e e pi n g i n mi n d t h at u will b e t a k e n i n H 1
0 ( Ω), a n d c o n si d eri n g t h e B C- d e p e n d e nt M b c , w e s e e t h at

t hi s v ari ati o n al d e fi niti o n of “ φ = ∆ u ” al s o f or m all y i m p o s e s t h e c o n diti o n ∂ u
∂ n = 0 o n ∂ Ω, i n t h e c a s e

of cl a m p e d B C s. F or si m pl y s u p p ort e d B C s, t hi s d o e s n ot i m p o s e a n y a d diti o n al b o u n d ar y c o n diti o n s.
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T o writ e t h e mi x e d f or m ul ati o n i n a st a n d ar d s etti n g, w e i ntr o d u c e t h e f u n cti o n s p a c e V =
H 1

0 ( Ω) × H 1
0 ( Ω) wit h t h e i n n er pr o d u ct ( ·, ·) V d e fi n e d a s

(( u, φ ), (v, ψ )) V = ( ∇ u, ∇ v ) 0 ,Ω + ( ∇ φ, ∇ ψ ) 0 ,Ω

a n d wit h t h e n or m · V i n d u c e d b y t hi s i n n er pr o d u ct. We n o w c o n si d er t h e c o n str ai nt mi ni mi s ati o n
pr o bl e m of fi n di n g ( u, φ ) ∈ V s u c h t h at

J (u, φ ) = i nf
( v, ψ ) ∈ V

J (v, ψ ), ( 2. 4) c m b i h a r m

w h er e

J (v, ψ ) =
1

2 Ω

| ∇ψ |2 d x − f, v , a n d

V = { (v, ψ ) ∈ V : ψ, q − u, ∆ q = 0 , q ∈ M b c } .

( 2. 5) d e f : C V

L o o ki n g f or ( u, ψ ) i n V e n a bl e s u s t o a c c o u nt f or t h e c o n diti o n s u = ∆ u = 0 o n ∂ Ω, v ali d f or b ot h
si m pl y s u p p ort e d a n d cl a m p e d B C s.

T h e pr o bl e m ( 2. 4) c a n b e r e c a st a s a s a d dl e p oi nt f or m ul ati o n: fi n d (( u, φ ), λ) ∈ V × M b c s o t h at

a (( u, φ ), (v, ψ )) + b (( v, ψ ), λ)  = (v ), (v, ψ ) ∈ V,
b (( u, φ ), µ) = 0 ,  µ ∈ M b c ,

( 2. 6) w b i h a r m

w h er e

a (( u, φ ), (v, ψ )) =
Ω

∇ φ · ∇ψ d x, b (( v, ψ ), µ) = ψ, µ − v, ∆ µ ,

(v ) = f, v .

( 2. 7) d e f b i h a r m

U si n g v = 0 a n d ψ ∈ C ∞
c ( Ω) i n t h e fir st e q u ati o n i n ( 2. 6) s h o w s t h at ∆ φ = λ . I n t h e c a s e of si m pl y

s u p p ort e d b o u n d ar y c o n diti o n s, si n c e λ ∈ (M b c ) = H 1
0 ( Ω) a n d φ = ∆ u , t hi s e n a bl e s u s t o f or m all y

r e c o v e r t h e l a st mi s si n g b o u n d ar y c o n diti o n ∆ 2 u = 0 o n ∂ Ω.

T h e f oll o wi n g t h e or e m, w h o s e pr o of c a n b e f o u n d i n t h e a p p e n di x, st at e s t h e w ell- p o s e d n e s s of
o ur c o nti n u o u s s a d dl e p oi nt pr o bl e m.

T h e o r e m 2. 1. T h e r e e xi st s a u ni q u e (( u, φ ), λ) ∈ V × M b c s ati sf yi n g ( 2. 6) .T M e x i s t e n c e
s e c : a n a

3. Fi ni t e el e m e n t di s c r e ti s a ti o n s. We c o n si d er a q u a si- u nif or m a n d s h a p e-r e g ul ar tri a n g u-
l ati o n T h of t h e p ol y g o n al d o m ai n Ω, w h er e T h c o n si st s of tri a n gl e s, t etr a h e dr a, p ar all el o gr a m s or
h e x a h e dr a. L et S k

h ⊂ H 1 ( Ω) b e a st a n d ar d L a gr a n g e fi nit e el e m e nt s p a c e of d e gr e e k ≥ 1 b a s e d o n
t h e tri a n g ul ati o n T h wit h t h e f oll o wi n g a p pr o xi m ati o n pr o p ert y: F or u ∈ H k + 1 ( Ω)

i nf
v h ∈ S k

h

( u − v h 0 ,Ω + h u − v h 1 ,Ω ) ≤ C h k + 1 u k + 1 ,Ω . ( 3. 1) a p p r o x 0

T h e d e fi niti o n of di s cr et e L a gr a n g e m ulti pli er s p a c e s ( M b c )
k
h r e q uir e s s o m e w or k. A st a n d ar d r e q uir e-

m e nt f or t h e c o n str u cti o n i s t h e f oll o wi n g li st of pr o p erti e s:
[ P 1 ] (M b c )

k
h ⊂ H 1 ( Ω).

[ P 2 ] T h er e i s a c o n st a nt C i n d e p e n d e nt of t h e tri a n g ul ati o n s u c h t h at

θ h 0 ,Ω ≤ C s u p
φ h ∈ S k

h , 0

Ω

θ h φ h d x

φ h 0 ,Ω
, θh ∈ (M b c )

k
h .
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[ P 3 ] T h er e i s a c o n st a nt C i n d e p e n d e nt of t h e tri a n g ul ati o n s u c h t h at, if (u, φ, λ ) i s a s ol uti o n t o

( 2. 6), λ ∈ H k ( Ω) a n d µ h ∈ (M b c )
k
h i s t h e H 1 - ort h o g o n al pr oj e cti o n of λ o n ( M b c )

k
h , t h e n

λ − µ h 0 ,Ω ≤ C h k λ k, Ω . ( 3. 2) a p p r o x 1

We n o w d e fi n e:
• Si m pl y s u p p o r t e d b o u n d a r y c o n di ti o n s. I n t hi s c a s e w e m a y si m pl y t a k e

S k
h, 0 = S k

h ∩ H 1
0 ( Ω) , V k

h = S k
h, 0 × S k

h, 0 , (M b c )
k
h = S k

h, 0 .

T h e n or m o n ( M b c )
k
h i s d e fi n e d b y

µ h h = µ h
2
− 1 , h + ∆ µ h

2
− 1 , h wit h µ h − 1 , h = s u p

v h ∈ S k
h , 0

µ h , vh
∇ v h 0 ,Ω

.

T h e r e a d er m a y wi s h t o c o m p ar e t hi s wit h [ 3 7], w h er e a si mil ar n or m i s u s e d al b eit wit h
µ h ∈ L 2 ( Ω). Pr o p erti e s [ P 1] a n d [ P 2] ar e tri vi al. Pr o p ert y [ P 3] i s e st a bli s e d b y i n v o ki n g t h e
f a ct t h at λ = 0 o n ∂ Ω, a n d b y u si n g t h e a p pr o xi m ati o n r e s ult s i n [ 6, 7].

• Cl a m p e d b o u n d a r y c o n di ti o n s. T h e fir st t w o s p a c e s ar e

S k
h, 0 = S k

h ∩ H 1
0 ( Ω) , V k

h = S k + 1
h, 0 × S k

h, 0 ,

h o w e v er t h e s p a c e ( M b c )
k
h i s n ot s o e a sil y d e fi n e d. If w e t a k e (M b c )

k
h = S k

h, 0 , t h e L a gr a n g e
m ulti pli er s p a c e d o e s n ot h a v e t h e r e q uir e d a p pr o xi m ati o n pr o p ert y, d u e t o t h e c o n str ai nt o n
t h e b o u n d ar y c o n diti o n. O n t h e ot h er h a n d, if w e t a k e ( M b c )

k
h = S k

h , t h e st a bilit y a s s u m pti o n
[ P 2] will b e l o st.
I n or d er t o o v e r c o m e t hi s w e dr a w i n s pir ati o n fr o m t h e i d e a u s e d i n t h e m ort ar fi nit e el e m e nt
m et h o d [ 2 3, 2 0]: We c o n str u ct t h e L a gr a n g e m ulti pli er s p a c e ( M b c )

k
h s ati sf yi n g di m ( M b c )

k
h =

di m S k
h, 0 a n d t h e a p pr o xi m ati o n pr o p ert y ( 3. 2). T o c o n str u ct t h e b a si s f u n cti o n s of ( M b c )

k
h

f or t h e cl a m p e d b o u n d ar y c o n diti o n w e st art wit h S k
h a n d r e m o v e all b a si s f u n cti o n s of S k

h

a s s o ci at e d wit h t h e b o u n d ar y of t h e d o m ai n Ω. We c o n str u ct t h e b a si s f u n cti o n s of ( M b c )
k
h

a c c or di n g t o t h e f oll o wi n g st e p s:
1. F or a b a si s f u n cti o n ϕ n of S k

h a s s o ci at e d wit h t h e p oi nt x n o n t h e b o u n d ar y w e fi n d a
cl o s e st i nt e r n al tri a n gl e /t etr a h e dr o n / p ar all el ot o p e T ∈ T h (t h at i s, T d o e s n ot t o u c h
∂ Ω).

2. T h e b a si s f u n cti o n s { ϕ T , i } m
i = 1 a s s o ci at e d wit h i nt er n al p oi nt s of T c a n b e c o n si d er e d

a s p ol y n o mi al s d e fi n e d o n t h e w h ol e d o m ai n Ω. H e n c e w e c a n c o m p ut e { α T , i } m
i = 1 a s

α T , i = ϕ T , i (x n ) f or i = 1 , · · · , m. T hi s m e a n s w h e n c o m p uti n g { α T , i } m
i = 1 w e r e g ar d

{ ϕ T , i } m
i = 1 a s p ol y n o mi al s wit h s u p p ort o n Ω. F or t h e li n e ar fi nit e el e m e nt, t h e c o e ffi ci e nt s

{ α T , i } m
i = 1 ar e t h e b ar y c e ntri c c o or di n at e s of x n wit h r e s p e ct t o T .

3. T h e n w e m o dif y all t h e b a si s f u n cti o n s { ϕ T , i } m
i = 1 a s s o ci at e d wit h T a s ϕ̃ T , i = ϕ T , i +

α T , i ϕ n .
I n ot h er w or d s, b a si s f u n cti o n s a s s o ci at e d wit h b o u n d ar y p oi nt s ar e “r e- di stri b ut e d ” o n b a si s
f u n cti o n s a s s o ci at e d wit h n e ar b y i nt er n al p oi nt s, w hi c h e n s ur e s t h at, e v e n aft er r e m o vi n g
t h e s e b o u n d ar y b a si s f u n cti o n s, t h e s p a c e ( M b c )

k
h h a s t h e s a m e a p pr o xi m ati o n pr o p ert y a s

S k
h . T h e n or m o n (M b c )

k
h i s d e fi n e d b y

µ h h = µ h
2
− 1 , h + ∆ µ h

2
− 1 , h∗ wit h µ h − 1 , h∗ = s u p

v h ∈ S k + 1
h , 0

µ h , vh
∇ v h 0 ,Ω

.
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T h e n [ P 2] a n d t h e o pti m al a p pr o xi m ati o n pr o p ert y ( 3. 2) f oll o w ( s e e [ 2 0, 2 3]).

I n t h e f oll o wi n g, w e u s e a g e n eri c c o n st a nt C , w hi c h t a k e s di ff er e nt v al u e s i n di ff er e nt o c c urr e n c e s
b ut i s al w a y s i n d e p e n d e nt of t h e m e s h- si z e. N o w, t h e fi nit e el e m e nt pr o bl e m i s t o fi n d (( u h , φh ), λh ) ∈

V k
h × (M b c )

k
h s o t h at

a h (( u h , φh ), (v h , ψh )) + b (( v h , ψh ), λh )  = (v h ), (v h , ψh ) ∈ V k
h ,

b (( u h , φh ), µh ) = 0 ,  µh ∈ (M b c )
k
h .

( 3. 3) w e a k h

F or si m pl y s u p p ort e d B C s, w e c a n t a k e a h = a . F or t h e c a s e of cl a m p e d b o u n d ar y c o n diti o n s, S k
h, 0 i s

n ot c o nt ai n e d i n ( M b c )
k
h , a n d s o a h (·, ·) i s a st a bili s e d f or m of t h e bili n e ar f or m a . T hi s all o w s u s t o

e st a bli s h c o er ci vit y ( s e e t h e pr o of of T h e or e m 3. 2 b el o w). We s et a h (·, ·) t o b e

a h (( u h , φh ), (v h , ψh )) = a (( u h , φh ), (v h , ψh )) +
Ω

(φ h − ∆ h u h )( ψ h − ∆ h v h ) d x, ( 3. 4) E Q s t a b i l i s e d

w h er e, f or w ∈ H 1
0 ( Ω) + S k + 1

h, 0 , ∆h w ∈ S k + 1
h, 0 i s gi v e n b y

Ω

∆ h w v h d x = −
Ω

∇ w · ∇v h d x, v h ∈ S k + 1
h, 0 . ( 3. 5) d e f . D e l t a h

R e m a r k 3. 1. F o r si m pl y s u p p o rt e d B C s, t h at i s a h = a , t h e s a d dl e p oi nt p r o bl e m ( 3. 3) c a n
b e, a s wit h t h e c o nti n u o u s p r o bl e m, r e c a st i n t h e f o r m of a c o n st r ai nt mi ni mi s ati o n p r o bl e m: fi n d
(u h , φh ) ∈ V k

h s u c h t h at

J (u h , φh ) = i nf
( v h , ψh ) ∈ V k

h

J (v h , ψh ), ( 3. 6) c m b i h a r m h

w h e r e V k
h i s a k e r n el s p a c e d e fi n e d a s

V k
h = { (v h , ψh ) ∈ V k

h : b (( v h , ψh ), µh ) = 0 , µh ∈ (M b c )
k
h } . ( 3. 7) d e f : C V

We n o w s h o w t h e e xi st e n c e of a u ni q u e s ol uti o n t o ( 3. 3).
T h e o r e m 3. 2. T h e r e e xi st s a u ni q u e (u h , φh ) ∈ V k

h s ol uti o n t o ( 3. 3) .T M e x i s t d i s c r e t e
P r o of . E xi st e n c e of a u ni q u e s ol uti o n t o ( 3. 3) r eli e s o n t h e s a m e t hr e e pr o p erti e s a s i n t h e

c o nti n u o u s c a s e, n a m el y:
1. T h e bili n e ar f or m s a (·, ·), b (·, ·) a n d t h e li n e ar f or m (·) ar e u nif or ml y c o nti n u o u s o n V k

h ×

V k
h , V k

h × (M b c )
k
h a n d V k

h , r e s p e cti v el y. T h e bili n e ar f or m a h (·, ·) i s c o nti n u o u s ( al b eit n ot

u nif or ml y) o n V k
h × V k

h . H er e, V k
h i s e n d o w e d wit h t h e n or m of V , a n d (M b c )

k
h wit h it s n or m

· h .
2. T h e bili n e ar f or m a h (·, ·) i s u nif or ml y c o er ci v e o n t h e k er n el s p a c e V k

h d e fi n e d b y ( 3. 7).
3. T h e bili n e ar f or m b (·, ·) s ati s fi e s t h e f oll o wi n g i nf- s u p c o n diti o n

i nf
µ h ∈ ( M b c ) k

h

s u p
( v h , ψh ) ∈ V k

h

b (( v h , ψh ), µh )

(v h , ψh ) V µ h h
≥ β̃,

w h e r e β̃ i s a c o n st a nt i n d e p e n d e nt of t h e m e s h- si z e.
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Si n c e V k
h ⊂ V , t h e u nif or m c o nti n uiti e s of a (·, ·) a n d (·) ar e tri vi al. T h e c o nti n uit y of a h (·, ·) o n t h e

fi nit e di m e n si o n al s p a c e V k
h i s o b vi o u s. H o w e v er, si n c e w e c a n n ot cl ai m t h at ∆ h v 0 ,Ω ≤ C v 1 ,Ω

wit h C i n d e p e n d e nt o n h , t hi s c o nti n uit y of a h (·, ·) i s n ot u nif or m; t hi s i s n ot r e q uir e d t o o bt ai n
t h e e xi st e n c e a n d u ni q u e n e s s of a s ol uti o n t o t h e s c h e m e, b ut it will f or c e u s t o d e fi n e a str o n g er,
m e s h- d e p e n d e nt n or m f or t h e c o n v er g e n c e a n al y si s ( s e e S e cti o n 4. 2). T h e u nif or m c o nti n uit y of t h e
bili n e ar f or m b (·, ·) i s pr o v e d a s f oll o w s. N ot e t h at si n c e ψ h ∈ S k

h, 0 w e h a v e fr o m t h e d e fi niti o n of
· − 1 , h - n or m

µ h − 1 , h ∇ ψ h 0 ,Ω = s u p
v h ∈ S k

h , 0

Ω
v h µ h d x

∇ v h 0 ,Ω
∇ ψ h 0 ,Ω ≥

Ω

ψ h µ h d x.

F or t h e si m pl y s u p p ort e d c a s e wit h v h ∈ S k
h, 0 w e h a v e

∆ µ h − 1 , h ∇ v h 0 ,Ω = s u p
w h ∈ S k

h , 0

Ω
∇ w h · ∇µ h d x

∇ w h 0 ,Ω
∇ v h 0 ,Ω ≥

Ω

∇ v h · ∇µ h d x ,

w h er e a s f or t h e cl a m p e d c a s e wit h v h ∈ S k + 1
h, 0 w e h a v e

∆ µ h − 1 , h∗ ∇ v h 0 ,Ω = s u p
w h ∈ S k + 1

h , 0

Ω
∇ w h · ∇µ h d x

∇ w h 0 ,Ω
∇ v h 0 ,Ω ≥

Ω

∇ v h · ∇µ h d x .

T h e c o nti n uit y of b (·, ·) f oll o w s b y writi n g

|b (( v h , ψh ), µh )| = ψ h , µh − v h , ∆ µ h ≤
Ω

ψ h µ h d x +
Ω

∇ v h · ∇µ h d x

≤ (v h , ψh ) V µ h h .

T hi s e st a bli s h e s t h e fir st c o n diti o n. F or t h e s e c o n d a n d t hir d c o n diti o n w e n o w m u st c o n si d er t h e
b o u n d ar y c o n diti o n s s e p ar at el y.

Si m pl y s u p p o r t e d b o u n d a r y c o n di ti o n s. F or ( u h , φh ) ∈ V k
h s ati sf yi n g

b (( u h , φh ), µh ) = 0 ,  µh ∈ (M b c )
k
h ,

si n c e ( M b c )
k
h = S k

h, 0 , w e c a n t a k e µ h = u h t o o bt ai n

Ω

∇ u h · ∇u h d x = −
Ω

φ h u h d x.

H e n c e u si n g t h e C a u c h y- S c h w ar z a n d P oi n c ar é i n e q u aliti e s w e o bt ai n

∇ u h
2
0 ,Ω ≤ C 1 φ h 0 ,Ω ∇ u h 0 ,Ω .

T h e c o er ci vit y t h e n f oll o w s e x a ctl y a s i n t h e c o nti n u o u s c a s e:

∇ u h
2
0 ,Ω + ∇ φ h

2
0 ,Ω ≤ C a (( u h , φh ), (u h , φh )) , (u h , φh ) ∈ V k

h .

F or t h e i nf- s u p c o n diti o n w e s et ψ h = 0 a s i n t h e c o nti n u o u s s etti n g t o o bt ai n

s u p
( v h , ψh ) ∈ V k

h

b (( v h , ψh ), µh )

(v h , ψh ) V
≥ s u p

v h ∈ S k
h , 0

v h , ∆ µ h

∇ v h 0 ,Ω
≥ ∆ µ h − 1 , h,
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a n d s etti n g v h = 0 t o fi n d

s u p
( v h , ψh ) ∈ V k

h

b (( v h , ψh ), µh )

(v h , ψh ) V
≥ s u p

ψ h ∈ S k
h , 0

ψ h , µh
∇ ψ h 0 ,Ω

≥ µ h − 1 , h.

T h u s

s u p
( v h , ψh ) ∈ V k

h

b (( v h , ψh ), µh )

(v h , ψh ) V
≥ β̃ µ h h .

Cl a m p e d b o u n d a r y c o n di ti o n s. R e c alli n g t h e st a bili s ati o n t er m i n a h (·, ·), w e u s e t h e P oi n c ar é
i n e q u alit y f o r u h ∈ S k + 1

h, 0 a n d t h e d e fi niti o n ( 3. 5) of ∆ h t o fi n d

∇ u h 0 ,Ω = s u p
v h ∈ S k + 1

h , 0

Ω
∇ u h · ∇v h d x

∇ v h 0 ,Ω
≤ C s u p

v h ∈ S k + 1
h , 0

Ω
∇ u h · ∇v h d x

v h 0 ,Ω

= C s u p
v h ∈ S k + 1

h , 0

−
Ω

∆ h u h v h d x

v h 0 ,Ω
≤ C ∆ h u h 0 ,Ω .

H e n c e u si n g P oi n c ar é i n e q u alit y a g ai n, t h er e e xi st s a p o siti v e c o n st a nt C s u c h t h at, f or all φ h ∈ S k
h, 0 ,

∇ u h
2
0 ,Ω ≤ C φ h − ∆ h u h

2
0 ,Ω + φ h

2
0 ,Ω ≤ C φ h − ∆ h u h

2
0 ,Ω + ∇ φ h

2
0 ,Ω .

T h u s w e h a v e t h e c o er ci vit y of t h e m o di fi e d bili n e ar f or m a h (·, ·) o n S k + 1
h, 0 × S k

h, 0 a n d h e n c e o n t h e

di s cr et e k er n el s p a c e V k
h ⊂ S k + 1

h, 0 × S k
h, 0 wit h r e s p e ct t o t h e st a n d ar d n or m of V . T h e i nf- s u p c o n diti o n

n o w f oll o w s a s i n t h e c a s e of si m pl y s u p p ort e d b o u n d ar y c o n diti o n s, wit h S k + 1
h, 0 i n st e a d of S k

h, 0 f or v h ,

w hi c h a c c o u nt s f or · − 1 , h∗ u s e d i n t h e d e fi niti o n of t h e n or m o n ( M b c )
k
h . T hi s fi ni s h e s t h e pr o of of

t h e t h e or e m.
s e c : e r r o r . e s t

4. A p ri o ri e r r o r e s ti m a t e s. I n t hi s s e cti o n w e i n v e sti g at e a pri ori err or e sti m at e s f or o ur
pr o bl e m s.

4. 1. A p ri o ri e r r o r e s ti m a t e f o r si m pl y s u p p o r t e d b o u n d a r y c o n di ti o n s. O ur g o al i s t o
e st a bli s h t h e f oll o wi n g t h e or e m.

T h e o r e m 4. 1. L et (u, φ, λ ) b e t h e s ol uti o n of t h e s a d dl e p oi nt p r o bl e m ( 2. 6) , a n d (u h , φh , λh ) t h et h 0
s ol uti o n of ( 3. 3) , b ot h wit h si m pl y s u p p o rt e d b o u n d a r y c o n diti o n s. W e a s s u m e t h at u, φ ∈ H k + 1 ( Ω)
a n d λ ∈ H k ( Ω) . T h e n

(u − u h , φ − φ h ) V ≤ C h k ( u k + 1 ,Ω + φ k + 1 ,Ω + |λ |k, Ω ) . ( 4. 1) e q : s t r a n g 1

T o pr o v e t hi s t h e or e m w e a p pl y Str a n g’ s s e c o n d l e m m a [ 7]:

(u − u h , φ − φ h ) V

≤ C i nf
( v h , ψh ) ∈ V k

h

(u − v h , φ − ψ h ) V + s u p
( v h , ψh ) ∈ V k

h

|a (( u − u h , φ − φ h ), (v h , ψh )) |

(v h , ψh ) V
, ( 4. 2) e q : s t r a n g
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w h er e ( u, φ ) i s t h e s ol uti o n of ( 2. 4), a n d ( u h , φh ) t h e s ol uti o n of ( 3. 3) (r e c all t h at, h er e, a h = a ). T h e
fir st t er m i n t h e ri g ht si d e of ( 4. 2) i s t h e b e st a p pr o xi m ati o n err or a n d t h e s e c o n d o n e st a n d s f or t h e
c o n si st e n c y err or. Fir st w e t ur n o ur att e nti o n t o t hi s l att er t er m.

L e m m a 4. 2. L et (u, φ, λ ) b e t h e s ol uti o n of t h e s a d dl e p oi nt p r o bl e m ( 2. 6) wit h si m pl y s u p p o rt e dl e m m a 2
b o u n d a r y c o n diti o n s. T h e n, if λ ∈ H k ( Ω) , w e h a v e

s u p
( v h , ψh ) ∈ V k

h

|a (( u − u h , φ − φ h ), (v h , ψh )) |

(v h , ψh ) V
≤ C h k |λ |k, Ω .

P r o of . Fr o m t h e fir st e q u ati o n of ( 2. 6) w e g et a (( u − u h , φ − φ h ), (v h , ψh )) + b (( v h , ψh ), λ) = 0 f or
all ( v h , ψh ) ∈ V k

h . A n d h e n c e

s u p
( v h , ψh ) ∈ V k

h

|a (( u − u h , φ − φ h ), (v h , ψh )) |

(v h , ψh ) V
= s u p

( v h , ψh ) ∈ V k
h

|b (( v h , ψh ), λ)|

(v h , ψh ) V
.

D e n oti n g t h e pr oj e cti o n of λ o nt o ( M b c )
k
h = S k

h, 0 wit h r e s p e ct t o t h e H 1 -i n n er pr o d u ct b y λ̃ h , w e h a v e

Ω

∇ v h · ∇(λ − λ̃ h ) d x = −
Ω

v h (λ − λ̃ h ) d x. ( 4. 3) e s t o r t h

A s ( v h , ψh ) ∈ V k
h , u si n g ( 4. 3),

b (( v h , ψh ), λ) = b (( v h , ψh ), λ − λ̃ h ) = −
Ω

v h (λ − λ̃ h ) d x +
Ω

ψ h (λ − λ̃ h ) d x,

a n d h e n c e [ P 3] yi el d s

|b (( v h , ψh ), λ)| ≤ C h k |λ |k, Ω (v h , ψh ) V .

T h u s

s u p
( v h , ψh ) ∈ V k

h

|a (( u − u h , φ − φ h ), (v h , ψh )) |

(v h , ψh ) V
≤ C h k |λ |k, Ω .

We n o w pr o v e t h e f oll o wi n g l e m m a, w hi c h i s si mil ar t o Pr o p o siti o n 3 i n [ 1 2]. S e e al s o [ 2 1].
L e m m a 4. 3. L et (w h , ξh ) ∈ V k

h , (w, ξ ) ∈ V , a n d R k
h : H 1

0 ( Ω) → S k
h, 0 b e t h e Rit z p r oj e ct o r ( al s ol e m m a 3

c all e d “ elli pti c p r oj e ct o r ” ) d e fi n e d a s

Ω

∇ (R k
h w − w ) · ∇v h d x = 0 , vh ∈ S k

h, 0 .

T h e n

|w − w h |1 ,Ω ≤ C ξ − ξ h 0 ,Ω + |R k
h w − w |1 ,Ω .

P r o of . H er e w e h a v e

Ω

∇ w · ∇q + ξ q d x = 0 , q ∈ H 1
0 ( Ω) , a n d

Ω

∇ w h · ∇q h + ξ h q h d x = 0 , qh ∈ S k
h, 0 ,



1 0

si n c e ( w h , ξh ) ∈ V k
h a n d ( w, ξ ) ∈ V . T h u s, si n c e S k

h, 0 ⊂ H 1
0 ( Ω),

Ω

∇ (w − w h ) · ∇q h + ( ξ − ξ h ) q h d x = 0 , qh ∈ S k
h, 0 . ( 4. 4) e q 2

I n t er m s of t h e Rit z- pr oj e ct or R k
h , ( 4. 4) i s writt e n a s

Ω

∇ (R k
h w − w h ) · ∇q h + ( ξ − ξ h ) q h d x = 0 , qh ∈ S k

h, 0 . ( 4. 5) e q 3

T a ki n g q h = R k
h w − w h i n e q u ati o n ( 4. 5) a n d u si n g t h e C a u c h y- S c h w ar z a n d P oi n c ar é i n e q u aliti e s, w e

o bt ai n

|R k
h w − w h |21 ,Ω ≤ ξ − ξ h 0 ,Ω R k

h w − w h 0 ,Ω ≤ C ξ − ξ h 0 ,Ω |R k
h w − w h |1 ,Ω ,

w hi c h yi el d s |R k
h w − w h |1 ,Ω ≤ C ξ − ξ h 0 ,Ω . T h e fi n al r e s ult f oll o w s fr o m t h e tri a n gl e i n e q u alit y

|w − w h |1 ,Ω ≤ | R k
h w − w h |1 ,Ω + |w − R k

h w |1 ,Ω ≤ C ξ − ξ h 0 ,Ω + |w − R k
h w |1 ,Ω .

T h e f oll o wi n g l e m m a e sti m at e s t h e b e st a p pr o xi m ati o n err or i n ( 4. 2), a n d c o n cl u d e s t h e pr o of of
T h e or e m 4. 1.

L e m m a 4. 4. F o r a n y (u, φ ) ∈ V ∩ (H k + 1 ( Ω) × H k + 1 ( Ω)) , t h e r e e xi st s (w h , ψh ) ∈ V k
h s u c h t h atl e m m a 1 2

(u − w h , φ − ξ h ) V ≤ C h k ( u k + 1 ,Ω + φ k + 1 ,Ω ) ( 4. 6) e q 0

P r o of . L et Πkh : L 2 ( Ω) → S k
h, 0 b e t h e ort h o g o n al pr oj e cti o n o nt o S k

h, 0 . L et (w h , ξh ) ∈ V k
h b e

d e fi n e d a s

Ω

(φ − ξ h ) q h d x = 0 , qh ∈ S k
h, 0 , a n d

Ω

∇ w h · ∇q h + ξ h q h d x = 0 , qh ∈ S k
h, 0 .

H e n c e ( w h , ξh ) ∈ V k
h wit h ξ h = Π k

h φ . M or e o v er, si n c e Πkh i s t h e L 2 - pr oj e cti o n o nt o S k
h, 0 w e h a v e [ 6]

|φ − ξ h |1 ,Ω ≤ C h k |φ |k + 1 ,Ω .

We n ot e t h at t h e Rit z pr oj e ct or R k
h a s d e fi n e d i n L e m m a 4. 3 h a s t h e a p pr o xi m ati o n pr o p ert y [ 3 2]

|u − R k
h u |1 ,Ω ≤ C h k |u |k + 1 ,Ω .

H e n c e u si n g t h e r e s ult of L e m m a 4. 3 w e o bt ai n

|u − w h |1 ,Ω ≤ φ − ξ h 0 ,Ω + |u − R k
h u |1 ,Ω ≤ C h k (|u |k + 1 ,Ω + |φ |k + 1 ,Ω ).
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s e c : c o n v e r g e n c e . c l a m p e d

4. 2. A p ri o ri e r r o r e s ti m a t e s f o r cl a m p e d b o u n d a r y c o n di ti o n s. T h e err or e sti m at e s
f or cl a m p e d b o u n d ar y c o n diti o n s ar e e st a bli s h e d i n t h e f oll o wi n g m e s h- d e p e n d e nt s e mi- n or m: f or
(u, φ ) ∈ V + V k

h ,

|(u, φ )|k, h = ∇ φ 2
0 ,Ω + φ − ∆ h u 2

0 ,Ω . ( 4. 7) n o r m

T h e r e a s o n f or i ntr o d u ci n g t hi s s e mi- n or m i s t h at, a s alr e a d y n oti c e d i n t h e pr o of of T h e or e m 3. 2, t h e
st a bili s ati o n t er m i n a h (·, ·) i s n ot u nif or ml y c o nti n u o u s o n V k

h f or t h e n or m of V . O n t h e c o ntr ar y,
a h (·, ·) i s u nif or ml y c o nti n u o u s f or | · |k, h , w hi c h e n a bl e s t h e u s a g e of t h e s e c o n d Str a n g L e m m a.

O ur g o al h er e i s t o e st a bli s h t h e f oll o wi n g a pri ori e sti m at e.
T h e o r e m 4. 5. L et (u, φ, λ ) b e t h e s ol uti o n of t h e s a d dl e p oi nt p r o bl e m ( 2. 6) , a n d (u h , φh , λh ) t h et h 1

s ol uti o n of ( 3. 3) , b ot h wit h cl a m p e d b o u n d a r y c o n diti o n s. W e a s s u m e t h at u ∈ W k + 1 , p( Ω) f o r s o m e
p ≥ 2 , φ ∈ H k + 1 ( Ω) a n d t h at λ ∈ H k ( Ω) . W e h a v e

|(u − u h , φ − φ h )|k, h ≤ C h k u k + 1 ,Ω + h k − 1
2 − 1

p u k + 1 , p,Ω + h k φ k + 1 ,Ω + h k |λ |k, Ω . ( 4. 8) e q : s t r a n g n 2

R e m a r k 4. 6. D u e t o t h e u nif o r m c o e r ci vit y p r o p e rt y of a h (·, ·) o n V k
h ( s e e T h e o r e m 3. 2 ), | · |k, h

i s a n o r m t h at i s u nif o r ml y st r o n g e r t h a n t h e V n o r m, t h at i s, t h e r e i s C > 0 i n d e p e n d e nt of h s u c h
t h at, if (u h , φh ) ∈ V k

h t h e n

C |(u h , φh )|k, h ≥ ∇ φ h
2
0 ,Ω + ∇ u h

2
0 ,Ω .

T hi s p r o p e rt y i s all t h at i s r e q ui r e d t o a p pl y t h e s e c o n d St r a n g l e m m a b el o w. T h e s e mi- n o r m i s n ot a
n o r m o n V , b ut t h e f oll o wi n g p r o p e rt y c a n b e e st a bli s h e d: t h e k e r n el of | · |k, h c o n si st s of p ai r s (u, 0)
s u c h t h at

Ω

∇ u · ∇u h d x = 0 , uh ∈ S k + 1
h, 0 .

H e n c e, e v e n t h o u g h t h e e sti m at e ( 4. 8) mi g ht n ot ‘ c a pt u r e’ a p a rt of t h e s ol uti o n (u, φ ), t h at p a rt
a ct u all y c o n v e r g e s t o z e r o i n L 2 a n d H 1 - n o r m s.

We f oll o w a str at e g y a n al o g o u s t o t h at u s e d f or si m pl y s u p p ort e d B C s. E v e n t h o u g h t h e s e c o n d
Str a n g l e m m a i s oft e n u s e d f or bili n e ar f or m s a h (·, ·) t h at ar e c o er ci v e o n t h e e ntir e c o nti n u o u s a n d
di s cr et e s p a c e s, t h e pr o of of [ 6, L e m m a 1. 2, C h a p. III, § 1] a n d t h e u nif or m c o er ci vit y ( b y c o n str u cti o n)
of a h (·, ·) wit h r e s p e ct t o | · |k, h s h o w t h at t h e f oll o wi n g e sti m at e h ol d s:

|(u − u h , φ − φ h )|k, h

≤ C i nf
( v h , ψh ) ∈ V k

h

|(u − v h , φ − ψ h )|k, h + s u p
( v h , ψh ) ∈ V k

h

|a h (( u, φ ), (v h , ψh )) − (v h )|

|(v h , ψh )|k, h
. ( 4. 9) e q : s t r a n g 2

T h e or e m 4. 5 i s pr o v e d if w e b o u n d t h e ri g ht- h a n d si d e of t h e a b o v e i n e q u alit y b y t h e ri g ht- h a n d si d e
of ( 4. 8).

Fir st w e pr o v e t h e f oll o wi n g l e m m a t o e sti m at e t h e c o n si st e n c y err or t er m

s u p
( v h , ψh ) ∈ V k

h

|a h (( u, φ ), (v h , ψh )) − (v h )|

|(v h , ψh )|k, h
.
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L e m m a 4. 7. L et (u, φ, λ ) b e t h e s ol uti o n of t h e s a d dl e p oi nt p r o bl e m ( 2. 6) . T h e n, if λ ∈ H k ( Ω) ,l e m m a 5
φ ∈ H k ( Ω) a n d u ∈ H 2 ( Ω) w e h a v e

s u p
( v h , ψh ) ∈ V k

h

|a h (( u, φ ), (v h , ψh )) − (v h )|

|(v h , ψh )|k, h
≤ C h k (|λ |k, Ω + |φ |k, Ω ) .

P r o of . H e r e

a h (( u, φ ), (v h , ψh )) − (v h ) = a (( u, φ ), (v h , ψh ))

+
Ω

(φ − ∆ h u )( ψ h − ∆ h v h ) d x − (v h ).

T h e fir st e q u ati o n of ( 2. 6) yi el d s

a (( u, φ ), (v h , ψh )) + b (( v h , ψh ), λ) = (v h ), (v h , ψh ) ∈ V k
h ,

a n d h e n c e

a h (( u, φ ), (v h , ψh )) − (v h ) =
Ω

(φ − ∆ h u )( ψ h − ∆ h v h ) d x − b (( v h , ψh ), λ).

T h e t er m b (( v h , ψh ), λ) c a n b e e sti m at e d a s i n L e m m a 4. 2. T h e st a bili s ati o n t er m i s e a sil y b o u n d e d
u si n g t h e C a u c h y- S c h w ar z i n e q u alit y

Ω

(φ − ∆ h u )( ψ h − ∆ h v h ) d x ≤ φ − ∆ h u 0 ,Ω ψ h − ∆ h v h 0 ,Ω .

We f urt h er n ot e t h at, f or u ∈ H 2 ( Ω),

Ω

∆ h u v h d x = −
Ω

∇ u · ∇v h d x =
Ω

∆ u v h d x, v h ∈ S k + 1
h, 0 ,

a n d t h u s

∆ h u = Π k + 1
h φ,

w h er e Π k + 1
h i s t h e L 2 ( Ω)- ort h o g o n al pr oj e cti o n o nt o S k + 1

h, 0 . T h e pr o of f oll o w s b y u si n g t h e a p pr o xi-

m ati o n pr o p ert y ( 3. 1) o n S k + 1
h .

T h e f oll o wi n g l e m m a e sti m at e s t h e b e st a p pr o xi m ati o n err or i n t h e m e s h- d e p e n d e nt n or m.
L e m m a 4. 8. L et (u, φ ) ∈ V wit h u ∈ W k + 1 , p( Ω) (f o r p ≥ 2 ) a n d φ ∈ H k + 1 ( Ω) . T h e n, t h e r e e xi st sl e m m a 0

a n el e m e nt (w h , ψh ) ∈ V k
h s u c h t h at

|(u − w h , φ − ψ h )|k, h ≤ C h k u k + 1 ,Ω + h k φ k + 1 ,Ω + h k − 1
2 − 1

p u k + 1 , p,Ω . ( 4. 1 0) e q n 0

P r o of . We st art wit h t h e d e fi niti o n of t h e m e s h- d e p e n d e nt n or m

|(u − w h , φ − ψ h )|2k, h = ∇ (φ − ψ h ) 2
0 ,Ω + φ − ψ h − ∆ h (u − w h ) 2

0 ,Ω .

L et R k + 1
h : H 1

0 ( Ω) → S k + 1
h, 0 b e t h e Rit z- pr oj e ct or d e fi n e d f or w ∈ H 1

0 ( Ω)

Ω

∇ (R k + 1
h w − w ) · ∇v h d x = 0 , vh ∈ S k + 1

h, 0 .
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Wit h w h = R k + 1
h u , Pr o p ert y [ P 2] e n a bl e s u s t o d e fi n e ψ h ∈ S k

h, 0 b y

Ω

∇ w h · ∇µ h + ψ h µ h d x = 0 , µh ∈ (M b c )
k
h .

H e n c e ( w h , ψh ) ∈ V k
h a n d, si n c e ( u, φ ) ∈ V a n d ( M b c )

k
h ⊂ M b c , w e o bt ai n

Ω

∇ (u − w h ) · ∇µ h + ( φ − ψ h ) µ h d x = 0 , µh ∈ (M b c )
k
h . ( 4. 1 1) l e q 1

We n o w u s e a tri a n gl e i n e q u alit y t o writ e

|(u − w h , φ − ψ h )|2k, h = φ − ψ h − ∆ h (u − w h ) 2
0 ,Ω + |φ − ψ h |21 ,Ω

≤ φ − ψ h
2
1 ,Ω + ∆ h (u − w h ) 2

0 ,Ω

= ∆ h (u − w h ) 2
0 ,Ω + φ − Q h φ 2

1 ,Ω + Q h φ − ψ h
2
1 ,Ω ,

w h er e Q h i s a q u a si- pr oj e cti o n o p er at or o nt o S k
h, 0 d e fi n e d b y

Ω

Q h φ µ h d x =
Ω

φ µ h d x, µ h ∈ (M b c )
k
h .

A s a b o v e, Q h i s w ell- d e fi n e d d u e t o A s s u m pti o n [ P 2]. Fir st w e e sti m at e t h e t er m ∆ h (u − w h ) 0 ,Ω .
B y d e fi niti o n ( 3. 5) of ∆ h a n d b y c h oi c e w h = R k + 1

h u ,

∆ h (u − w h ) 0 ,Ω = s u p
v h ∈ S k + 1

h , 0

Ω
∆ h (u − w h )v h d x

v h 0 ,Ω

= s u p
v h ∈ S k + 1

h , 0

−
Ω

∇ (u − w h ) · ∇v h d x

v h 0 ,Ω
= 0 .

We k n o w t h at Q h φ [ 2 0, 2 3] h a s t h e d e sir e d a p pr o xi m ati o n pr o p ert y

|φ − Q h φ |1 ,Ω ≤ C h k |φ |k + 1 ,Ω .

H e n c e w e ar e l eft wit h t h e t er m Q h φ − ψ h 1 ,Ω . We st art wit h a n i n v er s e e sti m at e a n d u s e
A s s u m pti o n [ P 2] a n d ( 4. 1 1) t o g et

ψ h − Q h φ 1 ,Ω ≤
C

h
ψ h − Q h φ 0 ,Ω ≤

C

h
s u p

µ h ∈ ( M b c ) k
h

Ω
(ψ h − Q h φ ) µ h d x

µ h 0 ,Ω

≤
C

h
s u p

µ h ∈ ( M b c ) k
h

Ω
(ψ h − φ ) µ h d x

µ h 0 ,Ω

≤
C

h
s u p

µ h ∈ ( M b c ) k
h

Ω
∇ (u − w h ) · ∇µ h d x

µ h 0 ,Ω
.

Si n c e w h i s t h e Rit z pr oj e cti o n of u o nt o S k + 1
h, 0 , t h e fi n al r e s ult f oll o w s b y u si n g L e m m a 4. 9.

T h e f oll o wi n g l e m m a i s pr o v e d b y u si n g t h e i d e a s i n [ 1 6, L e m m a 3. 2]. S e e al s o [ 2 9].
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L e m m a 4. 9. L et k ∈ N a n d p ∈ R s u c h t h at k ≥ 1 a n d 2 ≤ p ≤ ∞ . L et R k + 1
h : H 1

0 ( Ω) → S k + 1
h, 0 b el e m m a 1

t h e Rit z p r oj e cti o n a s d e fi n e d i n L e m m a 4. 8. T h e n, t h e r e e xi st s a c o n st a nt C > 0 s u c h t h at, f o r a n y
w ∈ W k + 1 , p( Ω) ∩ H 1

0 ( Ω) ,

s u p
µ h ∈ ( M b c ) k

h

Ω
∇ (w − R k + 1

h w ) · ∇µ h d x

µ h 0 ,Ω
≤ C h k + 1

2 − 1
p w k + 1 , p,Ω . ( 4. 1 2) l e s t

P r o of . L et T 1
h b e t h e s et of el e m e nt s i n T h t o u c hi n g t h e b o u n d ar y of Ω. L et µ h ∈ (M b c )

k
h b e

ar bitr ar y a n d m h ∈ S k
h, 0 w hi c h c oi n ci d e s wit h µ h at all i nt eri or fi nit e el e m e nt n o d e s. Si n c e S k

h, 0 ⊂ S k + 1
h, 0 ,

w e h a v e

Ω

∇ (w − R k + 1
h w ) · ∇ψ h d x = 0 ,  ψh ∈ S k

h, 0 .

T h u s w e h a v e

Ω

∇ (w − R k + 1
h w ) · ∇µ h d x =

T ∈ T 1
h

T

∇ (w − R k + 1
h w ) · ∇(µ h − m h ) d x.

T h e r e st of t h e pr o of i s e x a ctl y a s i n [ 1 6, L e m m a 3. 2].
s e c : n u m e r

5. N u m e ri c al R e s ul t s. I n t hi s s e cti o n, w e s h o w s o m e n u m eri c al e x p eri m e nt s f or t h e si xt h or d er
elli pti c e q u ati o n u si n g b ot h t y p e s of b o u n d ar y c o n diti o n s. We c o m p ut e t h e c o n v er g e n c e r at e s i n L 2

a n d s e mi H 1 - n or m s f or u a n d φ , a n d t h e c o n v er g e n c e r at e s i n L 2 n or m s f or o ur L a gr a n g e m ulti pli er.
T hi s c o m p ut ati o n will b e d o n e b y u si n g li n e ar a n d q u a dr ati c fi nit e el e m e nt s p a c e s.

( a ) I ni ti al m e s h f o r si m pl y s u p-
p o r t e d b o u n d a r y c o n di ti o n s

f i g : i n i t 1

( b ) I ni ti al m e s h f o r cl a m p e d b o u n d a r y c o n-
di ti o n s

f i g : i n i t 2

Fi g. 5. 1: I niti al m e s h e s

i m e s h

5. 1. Si m pl y s u p p o r t e d b o u n d a r y c o n di ti o n s.
E x a m pl e s 1 a n d 2. We c o n si d er t h e e x a ct s ol uti o n

u = x 5 ( 1 − x ) 5 y 5 ( 1 − y ) 5 i n Ω = ( 0, 1)
2
, ( 5. 1) e x . s o l . 1

f or t h e fir st e x a m pl e a n d t h e e x a ct s ol uti o n

u = ( e y + e x ) x 5 ( 1 − x ) 5 y 5 ( 1 − y ) 5 i n Ω = ( 0, 1)
2
, ( 5. 2) e x . s o l . 2
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T a bl e 5. 1: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: li n e ar c a s e a n d e x a ct
s ol uti o n ( 5. 1)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 1. 7 1 e + 0 2 1. 4 4 e + 0 2 8. 5 1 e + 0 1 4. 3 3 e + 0 1 1. 8 8 e + 0 1
3 2 5. 1 7 e + 0 1 1. 7 2 3. 7 1 e + 0 1 1. 9 6 1. 8 5 e + 0 1 2. 2 0 8. 1 4 2. 4 1 3. 1 5 2. 5 8
1 2 8 1. 7 4 e + 0 1 1. 5 7 1. 1 8 e + 0 1 1. 6 5 5. 5 9 1. 7 2 2. 4 0 1. 7 6 1. 0 0 1. 6 5
5 1 2 4. 7 1 1. 8 8 3. 1 7 1. 9 0 1. 4 8 1. 9 2 6. 7 4 e- 0 1 1. 8 3 2. 8 6 e- 0 1 1. 8 1
2 0 4 8 1. 2 0 1. 9 7 8. 1 1 e- 0 1 1. 9 7 3. 7 6 e- 0 1 1. 9 8 2. 0 5 e- 0 1 1. 7 2 7. 4 8 e- 0 2 1. 9 4
8 1 9 2 3. 0 2 e- 0 1 1. 9 9 2. 0 8 e- 0 1 1. 9 6 9. 4 4 e- 0 2 1. 9 9 7. 6 5 e- 0 2 1. 4 2 1. 8 9 e- 0 2 1. 9 8
3 2 7 6 8 7. 5 7 e- 0 2 2. 0 0 5. 5 9 e- 0 2 1. 8 9 2. 3 6 e- 0 2 2. 0 0 3. 4 2 e- 0 2 1. 1 6 4. 7 5 e- 0 3 2. 0 0
1 3 1 0 7 2 1. 8 9 e- 0 2 2. 0 0 1. 7 4 e- 0 2 1. 6 9 5. 9 1 e- 0 3 2. 0 0 1. 6 5 e- 0 2 1. 0 5 1. 1 9 e- 0 3 2. 0 0
5 2 4 2 8 8 4. 7 3 e- 0 3 2. 0 0 6. 7 5 e- 0 3 1. 3 7 1. 4 8 e- 0 3 2. 0 0 8. 2 0 e- 0 3 1. 0 1 2. 9 4 e- 0 4 2. 0 0s s 1 : l i n e a r

T a bl e 5. 2: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: q u a dr ati c c a s e a n d
e x a ct s ol uti o n ( 5. 1)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 1. 0 1 e- 0 1 4. 7 0 e- 0 1 2. 1 3 1. 0 0 e + 0 1 4. 8 5 e + 0 1
3 2 3. 5 6 e- 0 4 8. 1 5 3. 3 2 e- 0 3 7. 1 5 3. 1 0 e- 0 2 6. 1 0 4. 2 7 e- 0 1 4. 5 5 4. 7 2 3. 3 6
1 2 8 5. 5 5 e- 0 5 2. 6 8 6. 3 1 e- 0 4 2. 4 0 4. 2 4 e- 0 3 2. 8 7 9. 6 5 e- 0 2 2. 1 5 7. 3 8 e- 0 1 2. 6 8
5 1 2 4. 1 5 e- 0 6 3. 7 4 1. 3 3 e- 0 4 2. 2 4 3. 6 3 e- 0 4 3. 5 5 2. 4 3 e- 0 2 1. 9 9 8. 1 5 e- 0 2 3. 1 8
2 0 4 8 2. 8 9 e- 0 7 3. 8 4 3. 2 9 e- 0 5 2. 0 2 3. 1 3 e- 0 5 3. 5 4 6. 2 6 e- 0 3 1. 9 6 9. 3 6 e- 0 3 3. 1 2
8 1 9 2 2. 2 4 e- 0 8 3. 6 9 8. 2 3 e- 0 6 2. 0 0 3. 2 2 e- 0 6 3. 2 8 1. 5 8 e- 0 3 1. 9 9 1. 1 4 e- 0 3 3. 0 4
3 2 7 6 8 2. 1 5 e- 0 9 3. 3 8 2. 0 6 e- 0 6 2. 0 0 3. 7 6 e- 0 7 3. 1 0 3. 9 6 e- 0 4 2. 0 0 1. 4 1 e- 0 4 3. 0 1s s 1 : q u a d r a t i c

f or t h e s e c o n d e x a m pl e, w h er e b ot h f u n cti o n s s ati sf y si m pl y s u p p ort e d b o u n d ar y c o n diti o n s u = ∆ u =
∆ 2 u = 0 o n ∂ Ω. We st art wit h t h e i niti al m e s h a s gi v e n i n t h e l eft pi ct ur e of Fi g ur e 5. 1, a n d w e
c o m p ut e t h e r el ati v e err or i n v ari o u s n or m s a s s o ci at e d wit h o ur v ari a bl e s at e a c h st e p of r e fi n e m e nt.

Fr o m T a bl e s 5. 1 a n d 5. 3, w e c a n s e e t h e q u a dr ati c c o n v er g e n c e of err or s i n L 2 - n or m s of t h e li n e ar
fi nit e el e m e nt m et h o d f or u , φ a n d λ , w h er e a s t h e c o n v er g e n c e of err or s i n t h e s e mi H 1 - n or m f or u
i s q u a dr ati c sli g htl y b ett er t h a n li n e ar b ut f or φ it i s li n e ar. We n ot e t h at c o n v er g e n c e i n t h e s e mi
H 1 - n or m f or u i s b ett er i n t h e e arli er st e p s of r e fi n e m e nt a n d a s t h e r e fi n e m e nt b e c o m e s fi n er a n d
fi n er, t h e c o n v er g e n c e r at e b e c o m e s al m o st li n e ar.

We h a v e t a b ul at e d n u m eri c al r e s ult s wit h t h e q u a dr ati c fi nit e el e m e nt m et h o d i n T a bl e s 5. 2 a n d
5. 4. W or ki n g wit h t h e q u a dr ati c fi nit e el e m e nt w e s e e sli g htl y b ett er t h a n O (h 3 ) r at e of c o n v er g e n c e
f or t h e c o n v er g e n c e of t h e err or s i n L 2 - n or m f or u , w h er e a s t h e c o n v er g e n c e i s of O (h 2 ) f or t h e err or s
i n t h e s e mi H 1 - n or m. Si mil arl y, t h e err or s i n t h e L 2 - n or m f or φ a n d λ c o n v er g e wit h or d er O (h 3 ),
r e s p e cti v el y, w h er e a s t h e err or s i n t h e s e mi H 1 - n or m of φ c o n v er g e wit h O (h 2 ). T h e n u m eri c al r e s ult s
f oll o w t h e pr e di ct e d t h e or eti c al r at e s al s o f or b ot h e x a m pl e s.
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T a bl e 5. 3: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: li n e ar c a s e a n d e x a ct
s ol uti o n ( 5. 2)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 1. 7 7 e + 0 2 1. 4 9 e + 0 2 8. 8 4 e + 0 1 4. 5 0 e + 0 1 1. 9 5 e + 0 1
3 2 6. 1 8 e + 0 1 1. 5 2 4. 4 4 e + 0 1 1. 7 5 2. 2 1 e + 0 1 2. 0 0 9. 7 5 2. 2 1 3. 7 6 2. 3 8
1 2 8 1. 9 8 e + 0 1 1. 6 4 1. 3 5 e + 0 1 1. 7 2 6. 4 0 1. 7 9 2. 7 4 1. 8 3 1. 1 3 1. 7 4
5 1 2 5. 2 8 1. 9 1 3. 5 5 1. 9 3 1. 6 6 1. 9 4 7. 4 6 e- 0 1 1. 8 8 3. 1 6 e- 0 1 1. 8 3
2 0 4 8 1. 3 4 1. 9 8 9. 0 4 e- 0 1 1. 9 8 4. 2 0 e- 0 1 1. 9 8 2. 2 1 e- 0 1 1. 7 6 8. 2 1 e- 0 2 1. 9 4
8 1 9 2 3. 3 6 e- 0 1 1. 9 9 2. 3 0 e- 0 1 1. 9 7 1. 0 5 e- 0 1 2. 0 0 7. 9 4 e- 0 2 1. 4 7 2. 0 7 e- 0 2 1. 9 8
3 2 7 6 8 8. 4 2 e- 0 2 2. 0 0 6. 1 2 e- 0 2 1. 9 1 2. 6 4 e- 0 2 2. 0 0 3. 4 8 e- 0 2 1. 1 9 5. 2 0 e- 0 3 2. 0 0
1 3 1 0 7 2 2. 1 0 e- 0 2 2. 0 0 1. 8 5 e- 0 2 1. 7 3 6. 5 9 e- 0 3 2. 0 0 1. 6 7 e- 0 2 1. 0 6 1. 3 0 e- 0 3 2. 0 0
5 2 4 2 8 8 5. 2 6 e- 0 3 2. 0 0 6. 9 4 e- 0 3 1. 4 1 1. 6 5 e- 0 3 2. 0 0 8. 2 7 e- 0 3 1. 0 2 3. 2 5 e- 0 4 2. 0 0s s 2 : l i n e a r

T a bl e 5. 4: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: q u a dr ati c c a s e a n d
e x a ct s ol uti o n ( 5. 2)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 3. 0 7 e- 0 1 1. 4 3 6. 4 7 3. 0 6 e + 0 1 1. 5 3 e + 0 2
3 2 4. 0 5 e- 0 3 6. 2 4 2. 1 0 e- 0 2 6. 0 9 1. 3 3 e- 0 1 5. 6 0 1. 5 1 4. 3 4 1. 7 1 e + 0 1 3. 1 6
1 2 8 3. 2 5 e- 0 4 3. 6 4 2. 4 4 e- 0 3 3. 1 1 1. 5 5 e- 0 2 3. 1 1 3. 2 7 e- 0 1 2. 2 1 2. 6 9 2. 6 7
5 1 2 2. 2 0 e- 0 5 3. 8 9 4. 5 1 e- 0 4 2. 4 4 1. 2 9 e- 0 3 3. 5 9 8. 1 9 e- 0 2 2. 0 0 3. 0 6 e- 0 1 3. 1 3
2 0 4 8 1. 4 4 e- 0 6 3. 9 3 1. 1 0 e- 0 4 2. 0 4 1. 0 9 e- 0 4 3. 5 6 2. 1 1 e- 0 2 1. 9 5 3. 5 9 e- 0 2 3. 0 9
8 1 9 2 1. 0 1 e- 0 7 3. 8 4 2. 7 5 e- 0 5 2. 0 0 1. 1 0 e- 0 5 3. 3 0 5. 3 4 e- 0 3 1. 9 8 4. 3 9 e- 0 3 3. 0 3
3 2 7 6 8 8. 3 2 e- 0 9 3. 5 9 6. 8 7 e- 0 6 2. 0 0 1. 2 8 e- 0 6 3. 1 0 1. 3 4 e- 0 3 2. 0 0 5. 4 6 e- 0 4 3. 0 1s s 2 : q u a d r a t i c

E x a m pl e 3. I n t h e t hir d e x a m pl e w e c o n si d er t h e e x a ct s ol uti o n s ati sf yi n g u = 0 , ∆ u = 0 , ∆ 2 u = 0
b ut ∇ u · n = 0 o n t h e b o u n d ar y:

u = si n ( π x ) si n ( π y ) i n Ω = ( 0 , 1)
2

. ( 5. 3) e x a 3

We n ot e t h at t h e e x a ct s ol uti o n s c h o s e n f or E x a m pl e s 1 a n d 2 s ati sf y ∇ u · n = 0 o n t h e b o u n d ar y of
t h e d o m ai n Ω.

We st art wit h t h e i niti al m e s h a s gi v e n i n t h e l eft pi ct ur e of Fi g ur e 5. 1 a n d c o m p ut e t h e r el ati v e
err or i n v ari o u s n or m s f or all t hr e e v ari a bl e s at e a c h st e p of r e fi n e m e nt. T h e c o m p ut e d e rr or s i n
di ff er e nt n or m s ar e t a b ul at e d i n T a bl e s 5. 5 a n d 5. 6. I nt er e sti n gl y, w e still g et t h e s a m e r at e of
c o n v er g e n c e f or m o st of t h e n or m s wit h t w o e x c e pti o n s: (i) i n c a s e of t h e li n e ar fi nit e el e m e nt m et h o d,
w e d o n ot o b s er v e a s u p e r- c o n v er g e n c e r at e i n H 1 - n or m of u , a n d (ii) i n t h e q u a dr ati c fi nit e el e m e nt
m et h o d, t h e r at e of c o n v e r g e n c e i n L 2 - n or m of u i s o nl y O (h 3 ).

5. 2. Cl a m p e d b o u n d a r y c o n di ti o n s.
E x a m pl e 1. We c h o o s e t h e e x a ct s ol uti o n

u = 4 0 9 6 x 3 ( 1 − x ) 3 y 3 ( 1 − y ) 3 i n Ω = ( 0, 1)
2
, ( 5. 4) e x . s o l . 3
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T a bl e 5. 5: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: li n e ar c a s e a n d e x a ct
s ol uti o n ( 5. 3)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 8. 4 2 e- 0 1 8. 7 8 e- 0 1 7. 4 7 e- 0 1 1. 2 3 e + 0 3 5. 9 5 e- 0 1
3 2 4. 2 2 e- 0 1 1. 0 0 4. 9 1 e- 0 1 0. 8 4 3. 3 0 e- 0 1 1. 1 8 6. 6 5 e + 0 2 0. 8 9 2. 2 7 e- 0 1 1. 3 9
1 2 8 1. 3 2 e- 0 1 1. 6 8 2. 1 8 e- 0 1 1. 1 7 9. 8 3 e- 0 2 1. 7 5 3. 1 3 e + 0 2 1. 0 8 6. 4 2 e- 0 2 1. 8 3
5 1 2 3. 5 0 e- 0 2 1. 9 1 1. 0 1 e- 0 1 1. 1 1 2. 5 7 e- 0 2 1. 9 3 1. 5 2 e + 0 2 1. 0 4 1. 6 5 e- 0 2 1. 9 5
2 0 4 8 8. 8 8 e- 0 3 1. 9 8 4. 9 5 e- 0 2 1. 0 3 6. 5 0 e- 0 3 1. 9 8 7. 5 3 e + 0 1 1. 0 1 4. 1 6 e- 0 3 1. 9 9
8 1 9 2 2. 2 2 e- 0 3 1. 9 9 2. 4 6 e- 0 2 1. 0 1 1. 6 3 e- 0 3 2. 0 0 3. 7 6 e + 0 1 1. 0 0 1. 0 4 e- 0 3 2. 0 0
3 2 7 6 8 5. 5 8 e- 0 4 2. 0 0 1. 2 3 e- 0 2 1. 0 0 4. 0 8 e- 0 4 2. 0 0 1. 8 7 e + 0 1 1. 0 0 2. 6 1 e- 0 4 2. 0 0s s 3 : l i n e a r

T a bl e 5. 6: Di s cr eti s ati o n err or s f or t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n: q u a dr ati c c a s e a n d
e x a ct s ol uti o n ( 5. 3)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
8 2. 1 2 e- 0 1 2. 2 9 e- 0 1 1. 6 3 e- 0 1 2. 9 0 e + 0 2 1. 1 4 e- 0 1
3 2 2. 1 2 e- 0 2 3. 3 3 4. 2 2 e- 0 2 2. 4 4 1. 7 0 e- 0 2 3. 2 6 6. 2 0 e + 0 1 2. 2 2 1. 3 6 e- 0 2 3. 0 8
1 2 8 1. 9 8 e- 0 3 3. 4 2 9. 9 9 e- 0 3 2. 0 8 1. 7 8 e- 0 3 3. 2 6 1. 5 2 e + 0 1 2. 0 3 1. 6 3 e- 0 3 3. 0 5
5 1 2 2. 1 4 e- 0 4 3. 2 1 2. 4 9 e- 0 3 2. 0 1 2. 0 7 e- 0 4 3. 1 1 3. 8 0 2. 0 0 2. 0 1 e- 0 4 3. 0 2
2 0 4 8 2. 5 4 e- 0 5 3. 0 7 6. 2 1 e- 0 4 2. 0 0 2. 5 2 e- 0 5 3. 0 3 9. 5 1 e- 0 1 2. 0 0 2. 5 1 e- 0 5 3. 0 0
8 1 9 2 3. 1 4 e- 0 6 3. 0 2 1. 5 6 e- 0 4 2. 0 0 3. 1 4 e- 0 6 3. 0 1 2. 3 8 e- 0 1 2. 0 0 3. 1 4 e- 0 6 3. 0 0s s 3 : q u a d r a t i c

s o t h at t h e e x a ct s ol uti o n s ati s fi e s t h e cl a m p e d b o u n d ar y c o n diti o n

u = ∆ u =
∂ u

∂ n
= 0 o n ∂ Ω .

F or o ur cl a m p e d b o u n d ar y c o n diti o n w e st art wit h t h e i niti al m e s h a s gi v e n i n t h e ri g ht pi ct ur e of
Fi g ur e 5. 1. I n t h e f oll o wi n g φ a n d λ ar e di s cr eti s e d u si n g t h e li n e ar fi nit e el e m e nt s p a c e, w h er e a s u i s
di s cr eti s e d u si n g t h e q u a dr ati c fi nit e el e m e nt s p a c e. T h at m e a n s w e u s e t h e fi nit e el e m e nt s p a c e s wit h
k = 1. T h e n u m eri c al r e s ult s ar e t a b ul at e d i n T a bl e 5. 7. I n t hi s e x a m pl e, w e g et hi g h er c o n v er g e n c e
r at e s t h a n pr e di ct e d b y t h e t h e or y f or all err or s. T h e s e r e s ult s s e e m t o i n di c at e a hi g h er or d er of
c o n v er g e n c e f or u i n t h e s e mi H 1 - n or m t h a n i n t h e L 2 - n or m. T hi s c a n eit h er b e d u e t o t h e a s y m pt oti c
r at e s n ot b ei n g a c hi e v e d at t h e gri d l e v el s c o n si d er e d, or t o s o m e g e n ui n e s u p er- c o n v er g e n c e r e s ult.
U n d er st a n di n g t hi s p h e n o m e n o n i n m or e d e pt h i s t h e p ur p o s e of f ut ur e w or k. A s i n t h e c a s e of
E x a m pl e s 1 a n d 2 of t h e si m pl y s u p p ort e d b o u n d ar y c o n diti o n w e s e e t h e b ett er c o n v er g e n c e r at e s
f or t h e s e mi H 1 - n or m i n e arli er st e p s of r e fi n e m e nt. H o w e v er, w h e n w e r e fi n e f urt h er t h e c o n v er g e n c e
r at e s d e cr e a s e cl o s e t o 2. T h u s t h e b ett er c o n v er g e n c e r at e s ar e d u e t o t h e a s y m pt oti c r at e s n ot b ei n g
a c hi e v e d at t h e e a rli er st e p s of r e fi n e m e nt.
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T a bl e 5. 7: Di s cr eti s ati o n err or s f or t h e cl a m p e d b o u n d ar y c o n diti o n: e x a ct s ol uti o n ( 5. 4)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
3 2 4. 3 4 8. 5 1 7. 4 7 e- 0 1 9. 6 9 e- 0 1 9. 2 0 e- 0 1
1 2 8 1. 0 9 2. 0 0 3. 4 6 1. 3 0 3. 0 6 e- 0 1 1. 2 9 5. 3 8 e- 0 1 0. 8 5 3. 8 8 e- 0 1 1. 2 5
5 1 2 1. 8 5 e- 0 1 2. 5 5 6. 4 3 e- 0 1 2. 4 3 1. 2 6 e- 0 1 1. 2 9 2. 8 6 e- 0 1 0. 9 1 2. 1 3 e- 0 1 0. 8 6
2 0 4 8 2. 4 3 e- 0 2 2. 9 3 7. 7 3 e- 0 2 3. 0 6 2. 3 8 e- 0 2 2. 4 0 1. 3 0 e- 0 1 1. 1 4 9. 3 4 e- 0 2 1. 1 9
8 1 9 2 4. 7 6 e- 0 3 2. 3 5 9. 9 4 e- 0 3 2. 9 6 4. 4 9 e- 0 3 2. 4 0 6. 3 5 e- 0 2 1. 0 3 2. 4 0 e- 0 2 1. 9 6
3 2 7 6 8 1. 1 1 e- 0 3 2. 1 1 1. 3 9 e- 0 3 2. 8 4 1. 0 2 e- 0 3 2. 1 3 3. 1 7 e- 0 2 1. 0 0 4. 6 7 e- 0 3 2. 3 6
1 3 1 0 7 2 2. 7 3 e- 0 4 2. 0 2 2. 7 4 e- 0 4 2. 3 4 2. 5 3 e- 0 4 2. 0 2 1. 5 8 e- 0 2 1. 0 0 8. 2 4 e- 0 4 2. 5 0c l b c 1

E x a m pl e 2. F or o ur l a st e x a m pl e wit h cl a m p e d b o u n d ar y c o n diti o n t h e e x a ct s ol uti o n i s c h o s e n
a s

u = 4 0 9 6 x 3 ( 1 − x ) 3 y 3 ( 1 − y ) 3 2

5
e x + c o s( y ) . ( 5. 5) e x . s o l . 4

A s i n t h e pr e vi o u s e x a m pl e, t hi s s ol uti o n al s o s ati s fi e s t h e cl a m p e d b o u n d ar y c o n diti o n. We h a v e
t a b ul at e d t h e r el ati v e err or i n v ari o u s n or m s i n T a bl e 5. 8. T h e r e s ult s ar e v er y si mil ar t o t h e o n e s
a s i n t h e fir st e x a m pl e. H o w e v er, t h e r el ati v e err or i n t h e c a s e of cl a m p e d b o u n d ar y c o n diti o n s ar e
hi g h er t h a n i n t h e c a s e of si m pl y s u p p ort e d b o u n d ar y c o n diti o n s. We c a n al s o s e e t h at t h e a s y m pt oti c
r at e s of err or r e d u cti o n st art l at er i n t hi s c a s e d u e t o t h e e xtr a p ol ati o n o n t h e b o u n d ar y p at c h of t h e
d o m ai n.

T a bl e 5. 8: Di s cr eti s ati o n err or s f or t h e cl a m p e d b o u n d ar y c o n diti o n: e x a ct s ol uti o n ( 5. 5)

el e m
u − u h 0 , Ω

u 0 , Ω

|u − u h |1 , Ω

|u |1 , Ω

φ − φ h 0 , Ω

φ 0 , Ω

|φ − φ h |1 , Ω

|φ |1 , Ω

λ − λ h 0 , Ω

λ 0 , Ω

err or r at e err or r at e err or r at e err or r at e err or r at e
3 2 8. 3 8 1. 3 3 e + 0 1 7. 7 7 e- 0 1 1. 0 0 1. 1 9
1 2 8 1. 3 6 2. 6 3 4. 0 1 1. 7 3 4. 4 5 e- 0 1 0. 8 0 6. 5 4 e- 0 1 0. 6 2 6. 4 0 e- 0 1 0. 9 0
5 1 2 2. 0 5 e- 0 1 2. 7 2 7. 6 1 e- 0 1 2. 4 0 1. 3 0 e- 0 1 1. 7 8 2. 8 9 e- 0 1 1. 1 8 2. 2 0 e- 0 1 1. 5 4
2 0 4 8 2. 4 6 e- 0 2 3. 0 6 8. 7 5 e- 0 2 3. 1 2 2. 4 0 e- 0 2 2. 4 4 1. 3 0 e- 0 1 1. 1 5 9. 3 9 e- 0 2 1. 2 3
8 1 9 2 4. 7 6 e- 0 3 2. 3 7 1. 0 7 e- 0 2 3. 0 3 4. 5 3 e- 0 3 2. 4 0 6. 3 6 e- 0 2 1. 0 3 2. 4 1 e- 0 2 1. 9 6
3 2 7 6 8 1. 1 0 e- 0 3 2. 1 1 1. 4 5 e- 0 3 2. 8 9 1. 0 3 e- 0 3 2. 1 3 3. 1 7 e- 0 2 1. 0 0 4. 7 1 e- 0 3 2. 3 6
1 3 1 0 7 2 2. 7 2 e- 0 4 2. 0 2 2. 7 8 e- 0 4 2. 3 8 2. 5 5 e- 0 4 2. 0 2 1. 5 9 e- 0 2 1. 0 0 8. 3 5 e- 0 4 2. 5 0c l b c 2

R e m a r k 5. 1. W e h a v e p r o v e d t h e e r r o r e sti m at e i n t h e m e s h- d e p e n d e nt n o r m | · |k, h f o r t h e
cl a m p e d b o u n d a r y c o n diti o n c a s e. T hi s n o r m c a n b e e sti m at e d b y t h e st a n d a r d L 2 - n o r m a n d H 1 - n o r m
a s f oll o w s. B y u si n g t h e t ri a n gl e i n e q u alit y w e h a v e

|(u − u h , φ − φ h )|2k, h = φ − φ h − ∆ h u + ∆ h u h
2
0 ,Ω + ∇ (φ − φ h ) 2

0 ,Ω

≤ C ( φ − φ h
2
0 ,Ω + ∆ h u − ∆ h u h

2
0 ,Ω + ∇ (φ − φ h ) 2

0 ,Ω ).

W e n o w o nl y c o n si d e r t h e mi d dl e t e r m of t h e l a st li n e of t h e l a st i n e q u alit y. U si n g t h e d e fi niti o n of
∆ h , t h e L 2 - n o r m a n d t h e st a n d a r d i n v e r s e e sti m at e w e h a v e a c o n st a nt C i n d e p e n d e nt of t h e m e s h- si z e
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h s u c h t h at

∆ h u − ∆ h u h 0 ,Ω ≤ s u p
φ h ∈ S k + 1

h , 0

Ω
(∇ u − ∇ u h ) · ∇φ h d x

φ h 0 ,Ω

≤
C

h
∇ u − ∇ u h 0 ,Ω .

Si n c e t h e c o m p ut e d e r r o r s b e h a v e li k e φ − φ h 0 ,Ω = O (h 2 ), ∇ u − ∇ u h 0 ,Ω = O (h 2 ) a n d ∇ φ −
∇ φ h 0 ,Ω = O (h ), t h e e r r o r s f o r u a n d φ i n t h e m e s h- d e p e n d e nt n o r m | · |k, h b e h a v e a s |(u − u h , φ −
φ h )|k, h = O (h ).

A c k n o wl e d g e m e n t s.
• We ar e gr at ef ul t o t h e a n o n y m o u s r ef e r e e s f or t h eir v al u a bl e s u g g e sti o n s t o i m pr o v e t h e q u alit y

of t h e e arli er v er si o n of t hi s w or k.
• P art of t hi s w or k w a s c o m pl et e d d uri n g a vi sit of t h e f o urt h a ut h or t o t h e U ni v er sit y of

N e w c a stl e. H e i s gr at ef ul f or t h eir h o s pit alit y. T h e f o urt h a ut h or w a s p arti all y s u p p ort e d
b y a n A u str ali a n R e s e ar c h C o u n cil ( A R C) gr a nt D P 1 2 0 1 0 0 0 9 7. H e i s c urr e ntl y p arti all y
s u p p ort e d b y A R C gr a nt D P 1 5 0 1 0 0 3 7 5.

• T h e fir st a ut h or i s p arti all y s u p p ort e d b y A R C gr a nt D P 1 7 0 1 0 0 6 0 5.

A p p e n di x A. P r o of of T h e o r e m 2. 1.
T h e e xi st e n c e a n d u ni q u e n e s s of a s ol uti o n t o ( 2. 6) f oll o w s fr o m t h e L a d y z e n s k ai a – B a b u s h k a –

Br e z zi t h e or y, pr o vi d e d t h at w e e st a bli s h t h e f oll o wi n g pr o p e rti e s.
1. T h e bili n e ar f or m s a (·, ·), b (·, ·) a n d t h e li n e ar f or m (·) ar e c o nti n u o u s o n V × V , V × M b c

a n d V , r e s p e cti v el y.
2. T h e bili n e ar f or m a (·, ·) i s c o er ci v e o n t h e k er n el s p a c e

V = { (v, ψ ) ∈ V : b (( v, ψ ), µ) = 0 , µ ∈ M b c } .

3. T h e bili n e ar f or m b (·, ·) s ati s fi e s t h e i nf- s u p c o n diti o n, f or s o m e β > 0:

i nf
µ ∈ M b c

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V µ M b c

≥ β.

T h e C a u c h y- S c h w ar z i n e q u alit y i m pli e s t h at t h e bili n e ar f or m s a (·, ·), b (·, ·) a n d t h e li n e ar f or m (·)
ar e c o nti n u o u s o n V × V , V × M b c a n d V , r e s p e cti v el y. We n o w t ur n o ur att e nti o n t o t h e s e c o n d
c o n diti o n. I n f a ct, f or ( u, φ ) ∈ V s ati sf yi n g b (( u, φ ), µ) = 0 f or all µ ∈ M b c ⊃ H 1

0 ( Ω) w e h a v e wit h
µ = u

Ω

∇ u · ∇u d x = −
Ω

φ u d x.

H e n c e u si n g C a u c h y- S c h w ar z a n d t h e P oi n c ar é i n e q u alit y w e fi n d

∇ u 2
0 ,Ω ≤ C φ 0 ,Ω ∇ u 0 ,Ω .

T h u s w e h a v e

∇ u 0 ,Ω ≤ C φ 0 ,Ω .
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Fr o m t hi s i n e q u alit y w e i nf er

∇ u 2
0 ,Ω + ∇ φ 2

0 ,Ω ≤ C φ 2
0 ,Ω + ∇ φ 2

0 ,Ω .

We u s e t h e P oi n c ar é i n e q u alit y a g ai n t o o bt ai n t h e c o er ci vit y

∇ u 2
0 ,Ω + ∇ φ 2

0 ,Ω ≤ C φ 2
0 ,Ω + ∇ φ 2

0 ,Ω ≤ C a (( u, φ ), (u, φ )) , (u, φ ) ∈ V .

L et u s n o w c o n si d er t h e i nf- s u p c o n diti o n i n t h e c a s e of si m pl y s u p p ort e d B C s, t h at i s M b c =
H 1

0 ( Ω) wit h n at ur al n or m. F or all µ ∈ H 1
0 ( Ω),

b (( µ, 0) , µ) = − µ, ∆ µ =
Ω

| ∇µ |2 = µ 2
H 1

0 ( Ω )

a n d t h u s

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V
≥

b (( µ, 0) , µ)

µ H 1
0 ( Ω )

≥ µ H 1
0 ( Ω ) .

We fi n all y c o n si d er t h e i nf- s u p c o n diti o n i n t h e c a s e of cl a m p e d b o u n d ar y c o n diti o n s, t h at i s
M b c = { µ ∈ H − 1 ( Ω) : ∆ µ ∈ H − 1 ( Ω) } wit h c orr e s p o n di n g gr a p h n or m. We h a v e

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V
= s u p

( v, ψ ) ∈ V

ψ, µ − v, ∆ µ

(v, ψ ) V
.

N o w s etti n g ψ = 0 w e o bt ai n

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V
≥ s u p

v ∈ H 1
0 ( Ω )

v, ∆ µ

∇ v 0 ,Ω
≥ c 1 ∆ µ − 1 ,Ω ,

w h er e w e h a v e u s e d P oi n c ar é i n e q u alit y i n t h e l a st st e p. Si mil arl y, u si n g v = 0 w e g et

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V
≥ s u p

ψ ∈ H 1
0 ( Ω )

ψ, µ

∇ ψ 0 ,Ω
≥ c 2 µ − 1 ,Ω ,

a n d h e n c e t h er e e xi st s a c o n st a nt β > 0 s u c h t h at

s u p
( v, ψ ) ∈ V

b (( v, ψ ), µ)

(v, ψ ) V
= s u p

( v, ψ ) ∈ V

ψ µ − v, ∆ µ

(v, ψ ) V
≥ β µ M b c

.

H e n c e ( 2. 6) h a s a u ni q u e s ol uti o n.
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